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 23)%/ 4�
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��.�. 5�&!)3 '$%&6�7! � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �.
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"�.�. '�()�1�#&/ (&! �$!M#�3 E1#�9 � � � � � � � � � � � � � � � � � � � � � � � -
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��� K �P��Q�	�P �R 	�� �S�^�� �^\_P	��� \��P������ UV��WX � � � � � � � � � � � � � � >�
��
 U�X OP��Q�	�P �R ���P	�� ���Q�	�� _��\ �^ 	�� Q�\�Sa U
X \�^��	� ���eS�� R�� �^

�S�P	������	��� \��P�����a UPX \�^��	� ���eS�� R�� �^ �S�P	��^���	��� \��P������
UV-WX � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � >"

��. 0#� %)�!�1! $+, 9�#)$�%,1+, �# ��=�9  # $9, E1#�9 (&! ���� = 1000� a
fg.> �PPQa ����g��� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � >L

��8 '�,%�&)3 E�),�$9$! $+, M#$&)I, &�,$+, �+ �# ��=�9  # $9, E1#�9� � � � � � � >L
��> 5 ��(%/ �−��� (&! 7&�F%�! ����� � � � � � � � � � � � � � � � � � � � � � � � � � ��
��� A E�),�$9$! ��+ (&! 7&�F%�! ����� � � � � � � � � � � � � � � � � � � � � � � � � ��
��" 0#� %)�!�1! 9�#)$�%,1+, �# ��=�9  # $9, E1#�9 (&! ���� = 500 � a fg>�PPQa

���� = 2 × 10−4� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��
��- A E�),�$9$! $+, 9�#)$�%,1+, (&! 7&!F%�#$&)3 &��* )!& 7&!F%�#$&)3 E1#�9� � � �

��L A E�),�$9$! $%� �+ (&! 7&!F%�#$&)3 &��* )!& 7&!F%�#$&)3 E1#�9� � � � � � � � �.
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���� A E�),�$9$! $%� �− (&! 7&!F%�#$&)3 &��* )!& 7&!F%�#$&)3 E1#�9� � � � � � � � �>
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���. A E�),�$9$! $%�  %�&!)%* %C�(�,%� (&! 7&!F%�#$&)3 &��* )!& 7&!F%�#$&)3

E1#�9� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �"
���8 A E�),�$9$! $%�  #$!�$!M%*/ !$% &)%* %C�(�,%� hU�4X (&! 7&!F%�#$&)3 &��*

)!& 7&!F%�#$&)3 E1#�9� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �-

"�� 5 ��,$#�#�$3/ ��	�� �# ��=�9  # $9, E1#�9 ������ ����	 � = 1800 ����	 � = 600 �
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 i%3 &�,$+, �# ��=�9  # $9, &��* ������ ����	 � = 1�35 ��	 	��� = 1
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� "

"�. d �%3 &�,$+, �# ��=�9  # $9, &��* ������ ����	 � = 1�35 ��	 	��� = 1
 − 1	

� = 400 �
� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � "

"�8 i%3 &�,$+, �# ��=�9  # $9, E1#�9 ����������	 ���� = 1800� 	 	��� = 0�1	 � = 400�
� ".
"�> i%3 &�,$+, �# ��=�9  # $9, E1#�9 ����������	 ���� = 1800� 	 	��� = 0�1	 � = 400�
� ".
"�� 0#� %)�!�1! $+, 9�#)$�%,1+,j U�X +/ E�%/ $9, E1#�9a U
X +/ E�%/ $9, &��*

�� = 1�35 ��	 	��� = 0�1	 � = 400�
� � � � � � � � � � � � � � � � � � � � � � � � � � � "8
"�" ;E17�!�9 $%�  !(,9$&)%* E#71%� E%� 79 &%��(#1$!& !E� $% E9,1% �$%, �,+

�()% $%� !,$&7�!�$3�!� '$% ��3 ! F!1,#$!& 9 �%3 &�,$+, �+ +/ E�%/ $9,
E1#�9 (&! 7&�F%�#/ $& =/ $%� 	� � � � � � � � � � � � � � � � � � � � � � � � � � � ">

"�- ;E17�!�9 $%�  !(,9$&)%* E#71%� E%� 79 &%��(#1$!& !E� $% E9,1% �$%, �,+
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E1#�9 (&! 7&�F%�#/ $& =/ $%� 	� � � � � � � � � � � � � � � � � � � � � � � � � � � "�

"�L ;E17�!�9 $%�  !(,9$&)%* E#71%� �$% 
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"��� i%3 &�,$+, +/ E�%/ $9, E1#�9 (&! 7&�F%�#/ $& =/ $%� ����� � � � � � � � � � � � "-
"��� i%3 &�,$+, +/ E�%/ $9, E1#�9 )!& �# ��=�9  # $% ��� � � � � � � � � � � � � � � "L
"��
 ��),�$9$! 9�#)$�%,1+, +/ E�%/ $9, E1#�9� � � � � � � � � � � � � � � � � � � � � "L
"��. ��),�$9$! !$% &)%* %C�(�,%� )!& !)$&,% #$�&)�/ ��(%/U� = 1
33 ��X� � � � � -�
"��8 ��),�$9$!/ !$% &)%* %C�(�,%� )!& !)$&,% #$�&)�/ ��(%/U���� = 1000 ����X� -�
"��> ��3 &�,$+, �# ��=�9  # $9, E1#�9� � � � � � � � � � � � � � � � � � � � � � � � � -

"��� ��3 &�,$+, �# ��=�9  # $9, &��*� � � � � � � � � � � � � � � � � � � � � � � � � � -

"��" b��� ! 7&��E!�9/ �# ��=�9  # $9, E1#�9 U���� = 2000 � a � = 400 �X� � � � -.
"��- b��� ! 7&��E!�9/ �# ��=�9  # $9, &��* U� = 5 ��a � = 400 �X � � � � � � � -.
"��L 5 ��(%/ �−��� �# ��=�9  # $9, E1#�9 (&! ���� = 2000 � a � = 400 � � � � � -8
"�
� 5 ��(%/ �−��� �# ��=�9  # $9, &��* (&! � = 5 ��a � = 400 � � � � � � � � � -8
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$9 7&��)#&!  &!/ ��\��TR��y_�^P� �����\ UV.�WX� ;C���%�a #)$�/ !E� 7*�)%�9 #E1���9a $!
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!((�&)� E#�&(��F%,$!&  # $%, ��% �S�
�S Q�\�S��

2# =,! �S�
�S Q�\�S 9 #*�#�9 $+, E�),%$3$+, $+, #&7I, )!& $9/ #,=�(#&!/ $+,

9�#)$�%,1+, #1,!& 7�,!$� ,! #E&$#��M#1 �# �1(!  ��&/ 7#�$#���#E$!a &7&!1$#�! �$!, =�%� #

)!�=/ !��&)=/ ��,M3)#/� 2# $%, $��E% !�$� $!  %,$=�!  97#,&)3/ 7&��$!�9/ !E%$#�%*, =,!

E%�* ��3�& % #�(!�#1% $% %E%1% M! �#&$%��(#1 #1$# !�$�,% ! #1$# �!,  =�%/ #,�/ E�3�%�/

E�%�% %&+$3 E��� !$%/a % %E%1%/ M! �� E#�&�! 6�,#& )!&  #�=$9 $9/ #(���!C9/ U�	P��^�X 3

$9/ #,!E�M#�9/ U\�����	��^X�

')%E�/ $9/ #�(!�1!/ #1,!& 9 !,�E$�C9 #,�/  %,$=�%�  97#,&)3/ 7&��$!�9/ U�S�
�S

Q�\�SX (&! E��� ! �2 �# !,$&7�!�$3�! ]�� U]^\_P	���S� P�_�S�\ �S��Q� ���P	��X� 5& 7&!T

F%�=/ $%� !E� $! �E���%,$! �$9 6&6�&%(�!F1! #1,!& ��,%E$&)�j

�� ;,9 #�+ =,% 71)$�% !,$&7���#+,� 2#$� !E� #)$#,3 6&6�&%(�!F&)3 =�#�,! )!& #)$1 9�9
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#,=�(#&!/ $+, 9�#)$�%,1+, ��(+ $+, ��()�%*�#+,  # $! %�7=$#�! #179a ��� � #1,!& 9 #,=�(#&!

E%� ��,#$!& �$! $%&�I !$! $%� !,$&7�!�$3�! (&! $% C!"# M#$&)� &�,a � #1,!& % !�&M �/ $+,

M#$&)I, &�,$+, E%� E!��(%,$!& �$% �*�$9 ! )!& ��� #1,!& 9 #,=�(#&! E%� ��,#$!& �$! $%&T

�I !$! $%� !,$&7�!�$3�! (&! $! 9�#)$��,&! V.W� @,!��$&)�a



.L

*

*�

(
3
2
����

)
= ���� −

(
���/�� + �����/���� +

�∑
�

����/��� +
�∑
�

3�
'�

�������

)
����

−
�∑

�=1

($�/����6)� − /�����$�)


U.�
�
�X

�E%M=$%,$!/ $I�! �$& $% �*�$9 �  !/ F$�,#& �# �$��& 9 )!$��$!�9 =�%� # $#�&)�

�∑
�

��������� + �����−�� − ��������� −
�∑
�

����
�+�

− 9�

��
�� = 0% U.�
�
�X

��������� −
�∑
�

������−�+�
− �����−�� −

9�

��
�− = 0% U.�
�

X

�������� − ������−�+�
−

�∑
�

����
�+�

− 9�

��
�+�

= 0% U.�
�
.X

9�$���� − ��������� − ��������� − ����������� + ������+�
�− +

�∑
�

����
�+�

± ����
(��6

4�
��	 −

9�

��
��� = 0% C 	= �

U.�
�
8X

)!&

���� −
(
���/�� + �����/���� +

�∑
�

����/��� +
�∑
�

3�
'�

�������

)
���� −

�∑
�=1

($�/����6)�

−/�����$�) = 0


U.�
�
>X

'$% #E� #,% )#F��!&% M! #F!� ��%� # $%  %,$=�% E%� !,!E$*C! # �# =,! E��� !

%C�(�,%��
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�������� �

#���$�� #�%������ &�'��	��� ��

��'��	 ()"����"

/�� �' "(+(6

A�#)$�!�,9$&)� E��� !$! %C�(�,%� ��9�& %E%&3M9)!, �$9, )!$#�(!�1! ��&)I,

!E� $9, E�%9(%* #,9 7#)!#$1! (&! $9, !E% �)��,�9 E%�� #�&)I, � #,1+,� 2E%�%*, !)� !

,! ��9�& %E%&9M%*, (&! $9, %C#17+�9 )!& $9, #,!E�M#�9 �#E$I, � #,1+, %C#&71+,� ���T

�F!$!a  # $9, #F!� %(3 $%� YuhO[�2 E��� !$%/ �$9, �E%6%9M%* #,9 !E� E��� ! �9 &)3

#,!E�M#�9 !$ I, U�S��Q� �^��^P�\ P��Q�P�S ����_� \�����	��^ U�u��4XXa $% E��� ! %C�T

(�,%� # F!,1H#$!& +/ % )��1!��%/ E!��(%,$!/ (&! )!�3/ E%&�$9$!/ 7&#�(!�1#/ #,!E�M#�9/

� #,1+,�

A E!�%��1! !�,9$&)I, &�,$+, �$% E��� ! %C�(�,%� )�,#& E%�*E�%)! $! F!&,� #,!

)!& 9 !,����9 #,�/  %,$=�%� E%� ,! $! E#�&(��F#& (1,#$!& 7*�)%�9� '$% )#F��!&% !�$� M!

#F!� ��%� # $% (#,&)�  %,$=�% E%� !,!E$*�M9)# �$% E�%9(%* #,% )#F��!&% �# =,! E��� !

%C�(�,%�a M#+�I,$!/ +/ )��1!��! #179 =,! !�,9$&)� &�,a 7*% M#$&)� &�,$!a =,!  #$!�$!M=/a

7*% %�7=$#�! )!& $! 9�#)$��,&!� 5 !,$&7�!�$3�!/ E%� M! ��9�& %E%&3�%� # #1,!& !�$�/ E%�

E#�&(��o! # �$% E�%9(%* #,% )#F��!&%�



8�

/�# �& �1)%�& �,%'3�� $+,

0#+�%* # $! 9�#)$��,&!a $%  %�&!)� %C�(�,% �2a $% !$% &)� %C�(�,% �(3� )a $%

 #$!�$!M=/ !$% &)� %C�(�,% �(12)a $! M#$&)� &�,$! �+
2 )!& �+ )!& $% !�,9$&)� &�, �−�

5& !,$&7���#&/ )!& %& ��M %1 !,$&7���#+, E%� M! ��9�& %E%&3�%� # �$%  %,$=�% F!1,%,$!&

�$%, E1,!)! 8��� h& ��M %1 $+, !,$&7���#+, =�%�, �9FM#1 !E� $9 6&6�&%(�!F1! UV"Wa V.WX )!&

#1,!& �E%�%(&� =,%& �E%M=$%,$!/ t�kZ�SS��^ )!$!,% 3�

;E1�9/a �! 6�,%� # �E�o9 $&/ !,$&7���#&/ �$! $%&�I !$! $%� !,$&7�!�$3�! E%�

F!1,%,$!& �$%, E1,!)! 8�.�

`��P	��^ `�	� ���ÆP��^	� [�3�H]
�2 � � −→ �+

2 � 2� �1 = 2
34 × 10−15� 1$03
� �+�(−12
29���)

�2 � � −→ �(3� ) � �(12) � � �2 = 3
49 × 10−14�+�(−5
92���)
�2 � � −→ �− � �(3� ) �3 = 1
07 × 10−15� 1$39

� �+�(−6
26���)
�(3� ) � � −→ �+ � 2� �4 = 9
0 × 10−15� 0$7

� �+�(−13
6���)
�+

2 � �− −→ �2 � �(3� ) �5 = 2
6 × 10−13

�− � �+ −→ 2�(3� ) �6 = 4
0 × 10−13

�− � � −→ �(3� ) � 2� �7 = 5
47 × 10−14� 0$324
� �+�(−2
98���)

�2 � � −→ 2�(3� ) � � �8 = 6
86 × 10−15�+�(−6
29���)
�(3� ) � � −→ �(12) � � �9 = 4
47 × 10−15�+�(−2
36���)
�2 � �(12) −→ �2 � �(3� ) �10 = 2
56 × 10−17�+�(67���)
�(12) � �(3� ) −→ �(3� ) � �(3� ) �11 = 8
0 × 10−18

�(12) � � −→ �+ � 2� �12 = 9
0 × 10−15� 0$7
� �+�(−11
6���)

�1,!)!/ 8��j :1)$�% @,$&7���#+, UV"W #)$�/ !E� $! �5 )!& �6 E%� #1,!& !E� V.WX�

`��P	��^ )�� V�W `�	� ���ÆP��^	� [�3�H]
p�^T`�\
��� O	�	��
� � �(3� ) −→ �(12) � � ��L� �1� = 4
54 × 10−15�+�(−2
36���)
� � �(3� ) −→ �(19) � � 8��- �1% = 7
86 × 10−16�+�(−4
489���)
� � �(3� ) −→ �(3� 0) � � �>��> �3& 0 = 2
53 × 10−15�+�(−17
34���)

`�\
��� O	�	��
� � �(3� ) −→ �(590) � � L��8 �5% = 9
67 × 10−16�+�(−9
97���)
� � �(3� ) −→ �(390) � � L�>� �3% = 3
89 × 10−15�+�(−9
75���)
� � �(3� ) −→ ��∗ � � �
�� ��∗ = 4
31 × 10−14�+�(−18
59���)

�1,!)!/ 8�
j `�	� P��ÆP��^	� R�� �kP�	�	��^ �R 	�� �	�Q�P �k���^ UV.WX�
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`��P	��^

�(12)
(����)−→ �(3� )

�+(,)
(����)−→ �(3� )(,)

�+
2 (,)

(����)−→ �2(,)

�(3� )(,)
(����)−→ 1

2
�2(,)

�1,!)!/ 8�.j @,$&7���#&/ �$! $%&�I !$!�

`��P	��^ )�� V�W `�	� ���ÆP��^	� [�3�H]
� � �2(� = 0) −→ �2(� - 0) � � ���
 ��	� = 1
87 × 10−17�+�(−2
9055���)
� � �2(( = 0) −→ �2(( = 1) � � ���L ��=1 = 2
8 × 10−15�+�(−3
72���)
� � �2(( = 0) −→ �2(( = 2) � � ��.- ��=2 = 1
28 × 10−15�+�(−3
67���)
� � �2(P3Σ−

� ) −→ �2(G1Δ�) � � ��L"" ��1Δ

= 1
37 × 10−15�+�(−2
14���)

� � �2(P3Σ−
� ) −→ �2(I1Σ+

� ) � � ���
" ��1Σ+



= 3
24 × 10−16�+�(−2
218���)
� � �2(P3Σ−

� ) −→ �2(�+1) � � 8�> ���1 = 1
13 × 10−15�+�(−3
94���)
� � �2(P3Σ−

� ) −→ �2(1*CH) � � ��� �1��� = 6
86 × 10−15�+�(−6
29���)
� � �2(P3Σ−

� ) −→ �2(2*CH) � � -�8 �2��� = 3
49 × 10−14�+�(−5
92���)
� � �2(P3Σ−

� ) −→ �2(3*CH) � � L�L" �3��� = 1
44 × 10−16�+�(−17
25���)
� � �2(P3Σ−

� ) −→ �2(�+2) � � �8�" ���2 = 1
13 × 10−15�+�(−18
35���)

�1,!)!/ 8�8j `�	� P��ÆP��^	� R�� �kP�	�	��^ �R 	�� �k���^ Q�S�P_S� UV��WX�

/�- �$�'(�"96 %&� !&,%2�&�

'$9, #,�$9$! !�$3 M! )!$!�$�I�%� # )!& M! !,!E$*C%� # $&/ #C&�I�#&/ E%� E#�&T

(��F%�, $9, !=�&! F��9 �# =,! E��� ! %C�(�,%�  # �)%E� $9 79 &%��(1! #,�/ ��SRTP�^���	�^	

���$3 !$%/ !E� $% %E%1% M! E�%)*o%�, %& E�),�$9$#/ $+, #&7I, )!& 9 M#� %)�!�1! $+, 9�#T

)$�%,1+,� ;F!� �H%,$!/ $&/ #C&�I�#&/ E%� E�%=)�o!, �$% E�%9(%* #,% )#F��!&% (&! $%

��()#)�& =,% 71)$�% !,$&7���#+, E!1�,%� #j



8.

*��

*�
= �1��2�� + �7��−�� + �4���� + �12��(1�)�� − �3��2�� −��+

�
��+

− ��+
2�
��+

2
− 9�

��
��%

*��+
2

*�
= �1��2�� − �5��+

2
��− −��+

2�
��+

2
− 9�

��
��+

2
%

*��−

*�
= �3��2�� − �5��−��+

2
− �7��−�� − �6��−��+ − 9�

��
��− %

*��+

*�
= �5���� − �6��−��+ + �12��(1�)�� −��+

�
��+ − 9�

��
��+ %

*��2

*�
=

A��

� ��0
+ �5��+

2
��− − (�1 + �2 + �3 + �8)��2�� +��+

2�
��+

2

+
1
2
���

�� − 9�

��
��2 %

*��

*�
= (�2 + �3 + 2�8)��2�� + �5��+

2
��− + 2�6��−��+ + �7��−��

+ �10��2��(1�) + �11����(1�) +��+
�
��+ +��(1�)���(1�)

− �4���� −���
�� − 9�

��
��


*��(1�)

*�
= �2��2�� + �9���� − �10��2��(1�) − �11����(1�) − �12��(1�)��

− ��(1�)���(1�) −
9�

��
��(1�)%

�E%� %& ��M %1 !E+�#&I, �$! $%&�I !$! (&! $! %�7=$#�! )!& $! F%�$&� =,! �+ !T

$17&! 71,%,$!& !E� $&/ ��=�#&/

��+
�

=
$��+

*���
% ��+

2�
=

$��+
2

*���
% ���

=
1
4
����(��

6

��
MNO ��(1�)� =

1
4
(��

6

��
%

)!& $% *���
� 71,#$!& !E� $9 ��=�9 U.�
��-Xa ���� #1,!& % ��M �/ #E!,!�*,7#�9/ $%�

!$% &)%* %C�(�,%� �$9, #E&F�,#&! )!& (�� #1,!& 9 M#� &)3 $!�*$9$! $%� %�7#$=�%� !$� %�

(�� =

√
��

�

 U8�.��X

$��+ )!& $��+
2
#1,!& %& $!�*$9$#/ c��Q $%�  %�&!)%* )!& $%� !$% &)%* %C�(�,%�a

$� =

√
���

'

 U8�.�
X

1:� ��� #��!$&�� ��' 
#��� !�' ��� � *������� #
���� #�� �������*
�� �  #� ��� �
� �  ��
� � ����,
$���
 �#%' !�� #���*���
�� �
(�� ��	 ��� �& $  ���� � !�&!���
 �� ��1 �
 �� ��1⊥ �
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w! 6�,%� # !)� ! �E�o9 $% &�%H*(&% #,=�(#&!/j

*

*�

(
3
2
����

)
=

����

��
− (�1/1 + �2/2 + �3/3 + �8/8)��2�� − (�4/4 + �9/9)����

− �12/12��(1�)�� − )+�1���� − )+�2��2��

− 3�����1������
��

��
− 3�����2��2����

��

��2

− �+
�	��(/� + /�)��+ −�+

2 �	��(/� + /�)��+
2
%

 #

)+�� =
'∑

�=1

����	 /� % U8�.�.X

�E%� C = 1% 2 (&! $% !$% &)� )!& $%  %�&!)� %C�(�,% !,$1�$%&�!� @)� !a 9 )&,9$&)3

#,=�(#&! $+, &�,$+, (&! )�M# &�, E%� ��,#$!& �$! $%&�I !$! )!& 9 )&,9$&)3 #,=�(#&! $+,

9�#)$�%,1+, (&! )�M# 9�#)$��,&% E%� ��,#$!& �$! $%&�I !$! #1,!& !,$1�$%&�!

/�� = 6��% /�� = 2��
 U8�.�8X

J=�%/a % ,� %/ &7!,&)I, !#�1+, (&! $% �*�$9 �  !/ #1,!&

� = (�� + ��2 + ��(1�))��
 U8�.�>X

�E%M=$%,$!/ �$& $% �*�$9 �  !/ =�#& FM��#& �# �$��& 9 )!$��$!�9a $% �*�$9 �

 !/  #$!$�=E#$!& �# =,! �*�$9 !  9 (�!  &)I, !�(#6�&)I, #C&�I�#+,� ;E&E�=%,a (&! ,!

!E�%E%&3�%� # !)� ! E#�&���$#�% $% �*�$9 ! !,$&)!M&�$%* # $% &�%H*(&%  �H!/ $+, 9�#T

)$�%,1+,  # $9, #C1�+�9/ %�7#$#��$9$!/ U�y_�	��^ �R y_���^�_	��S�	�X $%� E��� !$%/�

r$�& E�%)*E$%�, %& !)��%�M#/ #C&�I�#&/

[�] : �� + ��− − ��+
2
− ��+ = 0% U8�.��X

[�+
2 ] : �1��2�� − �5��+

2
��− −�+

2 �	����+
2
− 9�

�
��+

2
= 0% U8�.�"X

[�−] : �3��2�� − �5��−��+
2
− �7��−�� − �6��−��+ − 9�

�
��− = 0% U8�.�-X



8>

[�+] : �5���� − �6��−��+ −�+
�	����+ − 9�

�
��+ = 0% U8�.�LX

[�2] :
A��

� ��0
+ �5��+

2
��− − (�1 + �2 + �3 + �8)��2�� +�+

2 �	����+
2

+
1
2
��	���� − 9�

�
��2 = 0%

U8�.���X

[�] : (�2 + �3 + 2�8)��2�� + �5��+
2
��− + 2�6��−��+ + �7��−��

+ �10��2��(1�) + �11����(1�) +�+
�	����+ +�(12)�	����(1�)

− �4���� −��	���� − 9�

�
�� = 0

U8�.���X

[�(12)] : �2��2�� + �9���� − �10��2��(1�) − �11����(1�) − �12��(1�)��

−�(12)�	����(1�) −
9�

�
��(1�) = 0%

U8�.��
X

[)���,J 7�D����] :
����

�
− (�1/1 + �2/2 + �3/3 + �8/8)��2�� − (�4/4 + �9/9)����

−�12/12��(1�)�� − )+�1���� − )+�2��2�� − 3�����1������
��

��

−3�����2��2����
��

��
−��+

�
(/� + /�)��+ −��+

2�
(/� + /�)��+

2
= 0%

U8�.��.X

[Q*��D ��H F�L] : �− (�� + ��2 + ��(1�))�� = 0
 U8�.��8X

/�/ <3'" %"%&8&10 0 %+, $:' ; $+, %&� !&,%2�&�

5& $#�,&)3 $9/ )!,%,&)%E%19�9/ E!1H#& �9 !,$&)� ���% �$9 M# #�1+�9 )!& $&/ #F!�T

 %(=/ $+,  !M9 !$&)I,  %,$=�+,� '# )�M# E#�&%�3 $+, #F!� %(I,a  &! )!�3 !,$1�9o9 $%�

��#$&)%*  #(=M%�/ $+, 7&!F��+, F��&)I, E!�! =$�+,a )!MI/ )!& 9 !,!(,I�&�9 E&M!,I,

��=�#+, E%� �E���%�,  #$!C* $%�/a ��#7�, E�,$!  !/ %79(%*, �$9, )!�*$#�9 )!$!,�9�9

$%� E�%6�3 !$%/ )!&a E%��=/ F%�=/a  E%�%*, ,!  !/ �E%7#1C%�, )!& $��E%�/ E�%�=((&�9/

$+, �*�#+, 3 )!& !)�&6%*/ #E1���9/ $%� E�%6�3 !$%/�



8�

;E&�=(%� # !��&)� )�E%&! �!�!)$9�&�$&)�  #(=M9 !,!F%��/ $! %E%1! M! $! �� 6%T

�1H%� # +/ $!  #(=M9  # $% �* 6%�% $9/ E#�&�E+ =,9/ (∼)� 0! =�%� # �%&E�, $! E!�!)�$+

!7&��$!$!a )!,%,&)%E%&9 =,!  #(=M9a

�̂ =
�

�̃
% �̂� =

��

�̃�
% �̂� =

��

�̃�
% D̂ =

D

D̃
% 6̂ =

6

6̃
% �̂ =

�

�̃
% $̂ =

$

$̃
% 9̂� =

9�

9̃�

% Â =
A

Ã
%

�E%�  # �� )!& �� �� 6%�1H%� # $&/ E�),�$9$#/ $+, %�7#$=�+, )!& $+, F%�$&� =,+,

�+ !$&71+, !,$1�$%&�!�

2E%�%* # $I�! ,! !,$&)!$!�$3�%� # )�M# !,9( =,%  =(#M%/  # $% (&,� #,% $%�

!7&��$!$%� #E1 $% !,$1�$%&�% �!�!)$9�&�$&)�  =(#M%/� ��%)*E$%�,a �%&E�,a %& E!�!)�$+

#C&�I�#&/

(
�̃�̃��̃�

)
�̂1�̂�2 �̂� −

(
�̃�̃��̃�

)
�̂5�̂�+

2
�̂�− −

(
$̃

D̃
�̃�

) $̂��+
2

*̂���

�̂�+
2
−
(
9̃�

�̃
�̃�

)
9̂�

�̂
�̂�+

2
= 0%

(
�̃�̃��̃�

)
�̂3�̂�2�̂� −

(
�̃�̃��̃�

){
�̂5�̂�+

2
�̂�− + �̂7�̂�−�̂� + �̂6�̂�− �̂�+

}
−
(
9̃�

�̃
�̃�

)
9̂�

�̂
�̂�− = 0%

(
�̃�̃��̃�

)
�̂5�̂��̂� −

(
�̃�̃��̃�

)
�̂6�̂�−�̂�+ −

(
$̃

D̃
�̃�

)
$̂��+

*̂���

�̂�+ −
(
9̃�

�̃
�̃�

)
9̂�

�̂
�̂�+ = 0%

(
Ã

�̃

)
Â��

�̂ ��0

+
(
�̃�̃��̃�

)
�̂5 ˆ��+

2
ˆ��− −

(
�̃�̃��̃�

)
(�̂1 + �̂2 + �̂3 + �̂8)�̂�2�̂�

+
(
$̃

D̃
�̃�

){ $̂��+
2

*̂���

�̂�+
2

+
$̂��+

*̂���

�̂�+

}
+

1
8
����

(
$̃6̃

�̃
�̃�

)
$��6

�
�̂� −

(
9̃�

�̃
�̃�

)
9̂�

�̂
�̂�2 = 0%

(
�̃�̃��̃�

){
�̂5�̂�−�̂�+ + �̂7�̂�− �̂�

}
+
(
�̃�̃��̃�

){
�̂10�̂�2�̂�(1�) + �̂11�̂��̂�(1�)

}

+
(
�̃�̃��̃�

)
(�̂2 + �̂3 + 2�̂8)�̂�2 �̂� +

(
$̃6̃

�̃
�̃�

)
$̂��

4
6̂

�̂
�̂�(1�) +

(
$̃

D̃
�̃�

)
$̂��+

*̂���

�̂�+

−
(
�̃�̃��̃�

)
(�̂4 + �̂9)�̂��̂� −

1
4
����

(
$̃
6̃

�̃
�̃�

)
$̂��

6̂

�̂
�̂� −

(
9̃�

�̃
�̃�

)
9̂�

�̂
�̂� = 0%



8"

(
�̃�̃��̃�

){
�̂2�̂�2 �̂� + �̂9�̂��̂�

}
−
(
�̃�̃��̃�

){
�̂10�̂�2 �̂�(1�) + �̂11�̂��̂�(1�)

}

−
(
�̃�̃��̃�

)
�̂13�̂�(1�)�̂� −

1
4

(
$̃6̃

�̃
�̃�

)
$̂��6̂

�̂
�̂�(1�) −

(
9̃�

�̃
�̃�

)
9̂�

�̂
�̂�(1�) = 0%

D&! ,! F=�%� # $&/ #C&�I�#&/ �# E&% )!�3  %�F3a 7&!&�%* # )�M# ��%  # �̃�̃��̃�a

%E�$# E�%)*E$%�, %& #C&�I�#&/

�̂1�̂�2 �̂� −
(
�̃�

�̃�

)
�̂5�̂�+

2
�̂�− −

(
$̃

D̃�̃�̃�

) $̂��+
2

*̂���

�̂�+
2
−
(

9̃�

�̃ �̃�̃�

)
9̂�

�̂
�̂�+

2
= 0%

�̂3�̂�2 �̂� −
(
�̃�

�̃�

)
�̂5�̂�+

2
�̂�− −

(
�̃�

�̃�

)
�̂7�̂�− �̂� −

(
�̃�

�̃�

)
�̂6�̂�−�̂�+ = 0%

�̂5�̂��̂� −
(
�̃�

�̃�

)
�̂6�̂�−�̂�+ −

(
$̃

D̃�̃�̃�

)
$̂��+

*̂���

�̂�+ −
(

9̃�

�̃ �̃�̃�

)
9̂�

�̂
�̂�+ = 0%

(
Ã

�̃ �̃�̃��̃�

)
Â��

�̂ ��0

+
(
�̃�

�̃�

)
�̂5 ˆ��+

2
ˆ��− − (�̂1 + �̂2 + �̂3 + �̂8)�̂�2�̂�

+
(

$̃

D̃�̃�̃�

){ $̂��+
2

*̂���

�̂�+
2

+
$̂��+

*̂���

�̂�+

}
+

1
8
����

(
$̃6̃

�̃ �̃�̃�

)
$��6

�
�̂� −

(
9̃�

�̃ �̃�̃�

)
9̂�

�̂
�̂�2 = 0%

(
�̃�

�̃�

){
�̂5�̂�− �̂�+

2
+ �̂7�̂�−�̂�

}
+
(
�̃�

�̃�

){
�̂10�̂�2�̂�(1�) + �̂11�̂��̂�(1�)

}

+(�̂2 + �̂3 + 2�̂8)�̂�2 �̂� +

(
$̃6̃

�̃ �̃�̃�

){
$̂��

4
6̂

�̂
�̂�(1�) + ����

$̂��

4
6̂

�̂
�̂�

}
+
(

$̃

D̃�̃�̃�

)
$̂��+

*̂���

�̂�+

−(�̂4 + �̂9)�̂��̂� −
(

9̃�

�̃ �̃�̃�

)
9̂�

�̂
�̂� = 0%

�̂2�̂�2 �̂� + �̂9�̂��̂� −
(
�̃�

�̃�

)
�̂10�̂�2�̂�(1�) −

(
�̃�

�̃�

)
�̂11�̂��̂�(1�) − �̂13�̂�(1�)�̂�

−1
4

(
$̃6̃

�̃ �̃�̃�

)
$̂��6̂

�̂
�̂�(1�) −

(
9̃�

�̃ �̃�̃�

)
9̂�

�̂
�̂�(1�) = 0%

D&! $% &�%H*(&% #,=�(#&!/ %�1H%� # #E&E�=%, $&/ !)��%�M#/ !7&��$!$#/ E%��$9$#/a

�̂ =
�

�̃
% MNO /̂ =

/

/̃
%



8-

%E�$# E�%)*E$#&a

(
�̃

�̃

)
�̂���

�̂
−
(
�̃/̃�̃��̃�

)(
�̂1/̂1 + �̂2/̂2 + �̂3/̂3 + �̂8/̂8

)
�̂�2�̂� −

(
�̃/̃�̃��̃�

)
�̂13/̂13�̂�(1�)�̂�

−
(
�̃/̃�̃��̃�

)(
�̂4/̂4 + �̂9/̂9

)
�̂��̂� −

(
�̃/̃�̃��̃�

){
)̂��1�̂��̂� + )̂��2�̂�2 �̂�

}

−3
(
�̃/̃�̃��̃�

){
�̂����1 �̂��̂��̂�

�̂�

�̂�
+ �̂����2 �̂�2�̂��̂�

�̂�

�̂�

}

−
(
$̃

D̃
/̃�̃�

){
$̂��+

*̂���

(/̂� + /̂�) �̂�+ +
$̂��+

2

*̂���

(/̂� + /̂�) �̂�+
2

}
= 0%

:&!&��* # $I�! )�M# ��%  #
(
�̃/̃�̃��̃�

)
%E�$# E!1�,%� #

(
�̃

�̃ �̃/̃�̃��̃�

)
�̂���

�̂
−
(
�̂1/̂1 + �̂2/̂2 + �̂3/̂3 + �̂8/̂8

)
�̂�2�̂� − �̂13/̂13�̂�(1�)�̂�

−
(
�̂4/̂4 + �̂9/̂9

)
�̂��̂� − )̂��1�̂��̂� − )̂��2�̂�2 �̂� − 3�̂����1 �̂��̂��̂�

�̂�

�̂�

−3�̂����2 �̂�2 �̂��̂�
�̂�

�̂�
−
(

$̃

�̃D̃�̃�

){
$̂��+

*̂���

(/̂� + /̂�) �̂�+ +
$̂��+

2

*̂���

(/̂� + /̂�) �̂�+
2

}
= 0%

��%�M=$%� # $I�! $9, #C1�+�9 %�7#$#��$9$!/ $%� E��� !$%/

�̂� + �̂�− − �̂�+
2
− �̂�+ = 0%

)!& $% ,� % &7!,&)I, !#�1+,

�̃�̂− �̃�(�̂� + �̂�2 + �̂�(1�))�� = 0 ⇒ �̂−
(
�̃�

�̃

)
(�̂� + �̂�2 + �̂�(1�))�� = 0




8L

5�1H%� # $I�! $&/ !)��%�M#/ !7&��$!$#/ % �7#/a

�1 =
�̃�

�̃�
% RS [�1] =

[F]−3

[F]−3
= 1

�2 =
$̃

D̃�̃�̃�

% RS [�2] =
[F] · [� ]−1

[F] · [F]3 · [� ]−1 · [F]−3
= 1

�3 =
9̃�

�̃ �̃�̃�

% RS [�3] =
[F]3 · [� ]−1

[F]3 · [F]3 · [� ]−1 · [F]−3
= 1

�4 =
Ã

�̃ �̃�̃��̃���0

% RS [�4] =
[' ] · [F]2 · [� ]−3

[F]3 · [F]3 · [� ]−1 · [F]−3 · [F]−3 · [' ] · [F]2 · [� ]−2
= 1

�5 =
$̃6̃

�̃ �̃�̃�

% RS [�5] =
[F] · [� ]−1 · [F]2

[F]3 · [F]3 · [� ]−1 · [F]−3
= 1

�6 =
9̃�

�̃ �̃�̃�

% RS [�6] =
[F]3 · [� ]−1

[F]3 · [F]3 · [� ]−1 · [F]−3
= 1

�7 =
�̃�

�̃�
% RS [�7] =

[F]−3

[F]−3
= 1

�8 =
�̃

�̃ �̃/̃�̃��̃�

% RS [�8] =
[' ] · [F]2 · [� ]−3

[F]3 · [F]3 · [� ]−1 · [' ] · [F]2 · [� ]−2 · [F]−3 · [F]−3
= 1

@,$&)!M&�$I,$!/ =�%� #a

�̂� + �̂�− − �̂�+
2
− �̂�+ = 0% U8�8��X

�̂1�̂�2 �̂� − �1�̂5�̂�+
2
�̂�− − �2

$̂��+
2

*̂���

�̂�+
2
− �3

9̂�

�̂
�̂�+

2
= 0% U8�8�
X

�̂3�̂�2 �̂� − �1�̂5�̂�+
2
�̂�− − �1�̂7�̂�−�̂� − �1�̂6�̂�− �̂�+ = 0% U8�8�.X

�̂5�̂��̂� − �1�̂6�̂�− �̂�+ − �2
$̂��+

*̂���

�̂�+ − �3
9̂�

�̂
�̂�+ = 0% U8�8�8X

�4
Â��

�̂ ��0

+ �1�̂5 ˆ��+
2

ˆ��− − (�̂1 + �̂2 + �̂3 + �̂8)�̂�2�̂� + �2

$̂��+
2

*̂���

�̂�+
2

+�2
$̂��+

*̂���

�̂�+ +
1
8
�����5

$��6

�
�̂� − �6

9̂�

�̂
�̂�2 = 0%

U8�8�>X



>�

(
�̂2 + �̂3 + 2�̂8

)
�̂�2 �̂� + �1�̂5�̂�−�̂�+

2
+ �1�̂7�̂�− �̂� + �7�̂10�̂�2�̂�(1�)

+�7�̂11�̂��̂�(1�) + �5
$̂��

4
6̂

�̂
�̂�(1�) + �2

$̂��+

*̂���

�̂�+ − (�̂4 + �̂9)�̂��̂�

−1
4
�����5$̂��

6̂

�̂
�̂� − �6

9̂�

�̂
�̂�(1�) = 0%

U8�8��X

�8
�̂���

�̂
−
(
�̂1/̂1 + �̂2/̂2 + �̂3/̂3 + �̂8/̂8

)
�̂�2 �̂� − �̂13/̂13�̂�(1�)�̂� − �̂4/̂4�̂��̂�

+�̂9/̂9�̂��̂� − )̂��1�̂��̂� − )̂��2�̂�2 �̂� − 3�̂����1 �̂��̂��̂�
�̂�

�̂�
− 3�̂����2�̂�2 �̂��̂�

�̂�

�̂�2

−�2
$̂��+

*̂���

(/̂� + /̂�) �̂�+ − �2

$̂��+
2

*̂���

(/̂� + /̂�) �̂�+
2

= 0%

U8�8�"X

�̂−
(
�̃�

�̃

)(
�̂� + �̂�2 + �̂�(1�)

)
�� = 0
 U8�8�-X



>�

�������� 


* �$+�%�� ,-./01

4�� �$,')6 �$�'(�"96

r�%� # $% !)��%�M% �*�$9 !  9 (�!  &)I, #C&�I�#+,

��(+1% +2% 
 
 
 % +� ) = 0%

�E%� C = 1% 2% 
 
 
 % K a +� #1,!& %& �(,+�$#/  #$!6�9$=/ )!& +1 = P1% +2 = P2% 
 
 
 %

+� = P� 9 �*�9� 5& #C&�I�#&/ (��F%,$!& ��,3M+/ �# 7&!,�� !$&)3  %�F3� 5& �(,+�$#/

 #$!6�9$=/ (��F%,$!& +/ =+ = (+1% +2% 
 
 
 % +� )( )!& %& #C&�I�#&/ +/ =� = (�1% �2% 
 
 
 % �� )( �

J% E�%/ #E1���9 �*�$9 ! �%&E�, (��F#$!& =�(=+) = 0a  # �*�9 =P = (P1%P2% 
 
 
 % P� )�

A  =M%7%/ p�Z	�^ #1,!&  &! #E!,!�9E$&)3  =M%7%/� A #E1���9 C#)&,� !E�  &!

!��&)3 E�%�=((&�9 $9/ �*�9/ )!& ��9�& %E%&#1  &! #E!,!�9E$&)3 ��,��$9�9 (&! $9, #*�#�3

$9/� A #E!,!�9E$&)3 ��,��$9�9 #1,!& 9 !��&)3 7&!,�� !$&)3 #C1�+�9 !,!7&!$�E+ =,9 �$9

 %�F3 =+ = =,(=+)� D&! $9 �*�9 $9/ !��&)3/ ��,��$9�9/ =�%� #

=P = =,( =P)
 U>����X

r$�& 9 �*�9 $9/ !��&)3/ #C1�+�9/ #1,!& =,! �$!M#�� �9 #1% $9/ #E!,!�9E$&)3/

��,��$9�9/� ��%�7&%�1H%� # �%&E�,  1! !��&)3 E�%�=((&�9 =+(0) $9/ �*�9/ )!& �E%�%(1H%� #

 1! !)%�%�M1! !�&M I, =+()+1) = =,
(
=+())

)
� �$!, 9 !)%�%�M1! !�$3 ��()�1,#& �# =,! �$!M#��

�9 #1%a $% �9 #1% !�$� M! #1,!& �*�9 )!& $9/ #C1�+�9/ =�(=+) = 0�

A #E!,!�9E$&)3 ��,��$9�9 E�%�7&%�1H#$!& !,$&)!M&�$I,$!/ $9 7&!,�� !$&)3 ��T

,��$9�9 =�(=+)  # $% !,$1�$%&�% !,�E$�( ! Y��S�� �$% �9 #1% =+())� �!1�,%� # �%&E�, $9



>


(�!  &)3 #C1�+�9

=�
(
=+())

)
+ �

(
=+())

)(
=+− =+())

)
= 0 ⇒ =+ = =+()) − �−1

(
=+())

)
=�
(
=+())

)
�E%� � #1,!& % G!)+6&!,�/ E1,!)!/ $9/ 7&!,�� !$&)3/ ��,��$9�9/ =� a  # �� � ≡

4��

4+�
�

�!�!$9�I,$!/ �$& $% !�&�$#��  =�%/ $9/ #C1�+�9/ #1,!& $% =+()+1) )!& �$& $% 7#C&�  =�%/ #1,!&

9 #E!,!�9E$&)3 ��,��$9�9 =,
(
=+())

)
E!1�,%� #

=, (=+) = =+− �−1(=+)=�(=+)
 U>���
X

D&! ,! !E%7#1C%� # �$& 9 �*�9 $9/ =, (=+) #1,!& )!& �*�9 $9/ =� (=+) = 0a !�)#1 ,!

7#1C%� # �$&

=+ = =, (=+) ⇒ =� (=+) = 0


@,$&)!M&�$I,$!/ �$9, U>���
X =�%� #

=, (=+) = =+ = =+− �−1(=+)=�(=+) ⇒ �−1(=+)=�(=+) = 0
 U>���.X

'�,#EI/a $% �$!M#�� �9 #1% $9/ =,(=+) #1,!& �*�9 $9/ =�(=+) 7#7% =,%� �$& �−1(=+) 	= 0�

Z`a)b[c!)� � 9 3(JEKE; LDMNOL

?��� PQ �� −→ ��� ���	��� ������
���� ��� +0 ∈ ��Q �	 ���	 	������'� �� �� ���	


?(+))H) = −� (+))%

+)+1 = +) + H)

D&! ,! E�%�7&%�1�%� # $% ��M � �*()�&�9/ $%� E!�!E�,+ !�(%�1M %�a M! ��6%� #

�E�o9 $% �F�� ! �# )�M# 63 !� A �*�9 =P !F!&�#1$!& )& !E� $! 7*%  =�9 $9/ #E!,!�9E$&)3/

 #M�7%�a

=+()+1) = =,
(
=+())

)
)!& $% �F�� ! (&! )�M# $& 3 #1,!&

=�()+1) = =,
(
=+())

)
− =P




>.

�E%M=$%,$!/ �$& 9 $�=�%��! E�%�=((&�9 =+()) #1,!& )%,$� �$9, E�!( !$&)3 �*�9a

 E%�%* # ,! !,E$*C%� # �# �#&�! Y��S�� $9, ,(=+())) (*�+ !En $% �9 #1% =P� 0#+�I,$!/ �$&

$% �F�� ! $9/  #$!6�9$3/ +� #1,!&

=��
()+1) = =,�

(
=+())

)
− =P�

)!& E!1�,%,$!/ $% !,�E$�( ! Y��S��a =�%� #

�
()+1)
� =

[
,�

(
=P
)

+
∑

�

(
+

())
� −P�

) 4,�

4+�

∣∣∣∣∣
*+

+

+
1
2

∑
�

∑
�

(
+

())
� −P�

)(
+

())
� −P�

) 4

4+�

4,�

4+�

∣∣∣∣∣
*+

+ 
 
 


]
− =P


U>���8X

@E� $9, U>����X )!& %�1H%,$!/ $9, G!)+6&!,3 $%� =, (=+) +/ ?� � ≡ 4,�

4+�
a 9 U>��X (1,#$!&

�
()+1)
� =

∑
�

�
())
� ?� �

(
=P
)

+
1
2

∑
�

∑
�

�
())
� �

())
�

4?� �

4+�

∣∣∣∣∣
*+

+ 
 
 
 
 U>���>X

@, ?
(
=P
)
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